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The free surface motion in moving containers is an important physical phenomenon for many engineering
applications. One way to model the free surface motion is by employing shallow water equations
(SWEs). The port-Hamiltonian systems formulation is a powerful tool that can be used for modeling
complex systems in a modular way. In this work, we extend previous work on SWEs using the port-
Hamiltonian formulation, by considering the two-dimensional equations under rigid body motions. The
resulting equations consist of a mixed-port-Hamiltonian system, with finite and infinite-dimensional
energy variables and ports. 2000 Math Subject Classification: 34K30, 35K57, 35Q80, 92D25
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1. Introduction
The free surface motion of partially filled containers is a major concern and may interfere in the
dynamics of several vehicle applications, such as tank trucks, airplanes and rockets. The coupling
of sloshing with rigid bodies, flexible structures, propulsion and aerodynamics can even cause the
instability of these vehicles.
The shallow water equations (SWEs) are mostly used for modeling the propagation of waves in
lakes, oceans or rivers. But they can be modified in order to include rigid body degrees of freedom,
thus allowing the simulation of sloshing in moving containers and to apply control laws with the goal of
reducing the free-surface effects in motion. For instance, Petit & Rouchon (2002) derived the equations
using Euler–Lagrange formalism considering a prescribed motion and applied flatness-based algorithm
for open-loop control. Alemi Ardakani & Bridges (2012) and Alemi Ardakani & Bridges (2011) derived
the equations for containers in prescribed rigid-body motion in two and three dimensions, respectively.
Instead of considering a prescribed motion, several papers also derived the equations for sloshing in
moving containers coupled with a spring. Alemi Ardakani & Bridges (2010) derived the Hamiltonian
equations for symplectic time-integration. Alemi Ardakani (2016) extended the modeling by considering
a container with variable cross-section and bottom topography.
Our work is based on the port-Hamiltonian framework, which is a convenient way to describe
complex systems (Duindam et al., 2009; van der Schaft & Jeltsema, 2014; van der Schaft & Maschke,
2002). In a fluid-structure interactions problem, e.g. the sloshing in moving containers, each system
2 F. L. CARDOSO-RIBEIRO ET AL.
can be described separately and then interconnected in a modular way. Furthermore, the framework is
suitable for physically motivated control strategies.
This framework was recently applied for a wide variety of scientific and engineering problems, such
as modeling of memristive materials (Jeltsema & van der Schaft, 2010), irreversible systems (Zhou et al.,
2017), distributed control (Vu et al., 2016a), mass transport phenomena (Baaiu et al., 2009), Tokamak
(Vu et al., 2016b), beam equations (Trivedi et al., 2016) and plate equations (Brugnoli et al., 2019).
The one-dimensional SWEs were also previously modeled using the port-Hamiltonian framework by
Pasumarthy & van der Schaft (2004), Pasumarthy & van der Schaft (2006), Hamroun (2009), Hamroun
et al. (2010) and Hamroun et al. (2007). In these previous works, the authors developed the equations for
modeling, simulating and controlling free-surface flow in open channels. Recently, we extended these
models considering the linear one-dimensional SWE in moving containers in Cardoso-Ribeiro et al.
(2015). The nonlinear case, coupled with a flexible beam was treated in Cardoso-Ribeiro et al. (2017).
The two-dimensional linear wave equations were treated as pHs by Trenchant et al. (2015). The
non-linear two-dimensional SWEs were briefly described in the pHs framework by Hamroun (2009). In
these cases, only boundary ports were considered.
In this paper, the two-dimensional SWEs are extended by considering translations and rotations
of the tank, written as an m-pHs, i.e. mixed finite-/infinite-dimensional port-Hamiltonian system
(Macchelli & Melchiorri, 2005). This extension allows including rigid body input/outputs, that can be
coupled with the motion of a rigid tank.
Firstly, a pHs model of the liquid sloshing in presented without rigid body motions in Section 2. The
main difference in comparison to the previous work of Hamroun (2009) is that a skew-symmetric matrix
G that represents the gyroscopic forces is introduced. Secondly, in Section 3, following a procedure
similar to Cardoso-Ribeiro et al. (2017), rigid body motion is included and a pHs model of the two-
dimensional liquid sloshing in moving containers is obtained. Then, conclusions are drawn and further
work is presented in Section 4.
2. The two-dimensional SWEs in the port-Hamiltonian framework
In this section, firstly we recall the classical two-dimensional SWEs in Section 2.1. Secondly, the energy
of the system (Hamiltonian) is defined and the equations are rewritten as a boundary port-Hamiltonian
system in Section 2.2. Finally, the differences between the equations presented here with respect to the
literature are discussed in Section 2.3.
We do not intend to develop a recall on port-Hamiltonian systems here. The reader can refer, for
instance, to Duindam et al. (2009) and van der Schaft & Jeltsema (2014).
2.1. Classical SWEs
The classical SWEs, obtained from the mass and momentum conservation laws, are considered in this
section. In two dimensions, the mass conservation is written as follows:
∂h
∂t
= −div (hv) , (2.1)
where h = h(x, y, t) is the fluid height, v = v(x, y, t) is the fluid velocity vector, x and y are the spatial
coordinates, t is the time. In the SWE, the fluid velocity is assumed constant along the vertical axis (z).
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The momentum conservation equation is given by
∂ρv
∂t
+ ρ(v · ∇ )v = −∇ (ρgh) , (2.2)
where g is the acceleration of gravity, ρ is the fluid density (assumed constant in time and uniform in
space).
Using the following vector calculus identity:
(v · ∇ )v = ∇ (1
2
‖v‖2) + (∇ × v) × v , (2.3)









− ρ(∇ × v) × v . (2.4)
In two dimensions, the last term (ρ(∇ × v) × v) can be rewritten as






with ω(x, y, t) := (∂xv − ∂yu) the local vorticity, u(x, y, t) and v(x, y, t) the components of v = [u, v]T .
2.2. Port-Hamiltonian formulation of SWE









using the fluid momentum defined as α := ρv, the Hamiltonian reads as1 :










Rewriting the Hamiltonian using the scalar components of α := [αx, αy]T = [ρu, ρv]T :








h(α2x + α2y ) + ρgh2
)
dΩ , (2.7)
1 Square brackets are used to describe the variables of a functional.
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it becomes straightforward to compute the variational derivatives2 with respect to each energy variable
(h,αx,αy):





(α2x + α2y ) + ρgh
= 1
2
ρ(u2 + v2) + ρgh ,





hαx = hu ,





hαy = hv .
(2.8)
Note that the so-called co-energy variables have a clear physical meaning: eh is the total pressure (the
sum of the dynamic pressure 12ρ(u
2 + v2) and the static pressure ρgh), eαx and eαy are the volumetric
flow (per unit length) in each direction.










































where J is called the interconnection operator, and matrix G is defined as
















Note that (2.10), together with the definition of boundary port variables, represents a boundary port-
Hamiltonian system. The next step is to define the boundary ports of this system. Before that, let us look






is formally skew-symmetric and is a key ingredient to the definition of the underlying
Stokes–Dirac structure for infinite-dimensional port-Hamiltonian systems (see van der Schaft & Maschke, 2002); see also Zwart
& Kurula (2014) for a detailed analysis of this operator on N-dimensional spatial domains.
PORT-HAMILTONIAN MODEL OF TWO-DIMENSIONAL SWES IN MOVING CONTAINERS 5
at the power balance of the system, by taking the time-derivative of (2.6):














































−eh(eα · n) ds , (2.13)
where ∂Ω is the boundary of the domain Ω , with parametrization s. Notice that the power balance
depends only on the boundary values of eh (the pressure) and −eα · n is the inward flow of fluid in
the normal direction of system domain. The previous power balance allows defining boundary ports
in a physically meaningful way. In the two-dimensional case, the boundary ports are scalar-valued and
distributed along the boundary of the domain. In our case, we choose
u∂ (x(s), t) := −eα · n ,x(s) ∈ ∂Ω ,
y∂ (x(s), t) := eh, ,x(s) ∈ ∂Ω ,
(2.14)
where the boundary input u∂ is the ingoing volumetric fluid flow and the boundary output y∂ is the




u∂ y∂ ds . (2.15)
In the case of a rigid tank, the flow of fluid into the domain is obviously zero. Thus, u∂ (x) = 0, ∀x ∈
∂Ω . Furthermore, these ‘ports’ could be used to interconnect the fluid with the equations of a flexible
tank. It could also be used for interconnecting with a rigid tank, that exhibts rigid body motion. Instead
of doing that, in the next sections we will introduce the rigid body degree of freedoms in the equations,
which will lead to mixed finite-infinite dimensional port-Hamiltonian systems.
2.3. Comments of the SWE defined as a port-Hamiltonian system
Notice that (2.10), together with the Hamiltonian (2.7) (and its variational derivatives in (2.8)) as well
its boundary ports defined in (2.14), represent an infinite-dimensional port-Hamiltonian system for the
two-dimensional SWE.
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Most previous work on the SWE using the port-Hamiltonian framework considered only the one-
dimensional case (Cardoso-Ribeiro et al., 2017; Hamroun et al., 2010; Kotyczka & Blancato, 2015;
Pasumarthy et al., 2012).
Hamroun (2009) presented the two-dimensional SWE in pHs form in Section 1.4.2. Differently from
(2.10), he kept the Coriolis term outside of the ‘interconnection’ matrix J ; anyway, the author proved
that this term does not contribute to the system power balance. Similarly, Kotyczka & Maschke (2017)
presented the two-dimensional SWE in pHs form in Example 4.1., but the vorticity term (hence, matrix
G ) was neglected to provide a canonical pHs. The main novelty of (2.10) in two dimensions is the
appearance of matrix G : this term is related to the Coriolis force that appears due to the natural rotation
of the fluid. Moreover, in some works like Pasumarthy & van der Schaft (2004) or Dellar & Salmon
(2005), the Coriolis force is considered as an external time-dependent given term ω(t), but which is not
linked to the energy variables of the dynamical system under study, which makes a difference.
The differential equations that represent the interconnection of the time derivative of energy
variables and the co-energy variables of infinite-dimensional port-Hamiltonian systems are usually given
by an equation of the following form:
ẋ = J δxH , (2.16)
where J is a linear formally skew-symmetric operator. This pattern occurs even in some nonlinear
equations, such as the one-dimensional SWE (Cardoso-Ribeiro et al., 2017), where the nonlinearity
comes from the fact that the Hamiltonian is non-quadratic.
Note that the term G in (2.10) depends on the energy variables and introduces a nonlinearity in
the interconnection matrix. Moreover, this term depends on spatial derivatives of the energy variables
(∂xαy, ∂yαx). Thus, Equations (2.9) and (2.10) are not in the most common form of infinite-dimensional
pHs. Anyway, thanks to the skew-symmetry of G , it is easy to see that this part of the interconnection
matrix is power-preserving.
Interconnection matrices that depend on the energy-variables are common in finite-dimensional
Hamiltonian and port-Hamiltonian systems. For instance, it is the case of the Euler equations of rigid
body rotation (see, e.g., Chapter 8 of Leimkuhler & Reich, 2005, and Examples 3.1 and 15.1 of van
der Schaft & Jeltsema, 2014). The dynamical equations of these finite-dimensional port-Hamiltonian
systems are given by:
ẋ = J(x)∂xH + B(x)u ,
y = B(x)T∂xH .
(2.17)
In this latter case, the interconnection (Dirac) structure is said to be modulated.
Another example of a modulated structure is given by the equations of a charged particle in a
magnetic field. However, another Hamiltonian representation with a canonical interconnection matrix is
also possible, depending on the choice of the energy variables (see Problem 3.1 of Leimkuhler & Reich,
2005).
Similarly, infinite-dimensional (port-)Hamiltonian systems frequently exhibit more than one possi-
ble representation. For instance, Maschke & van der Schaft (2013) presents different representations for
the Korteweg–de Vries, and the Boussinesq Equations. Depending on the choice of energy variables,
different interconnection matrices and Hamiltonian functionals are possible for the same system.
Furthermore, the inclusion of an additional energy variable can be used as a strategy to simplify the
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system, leading to a linear interconnection operator, as well as to a Hamiltonian that depends explicitely
of the energy variables (instead of their derivatives).
With all these examples in mind, we ask wonder if a different choice of energy variables would lead
to a more canonical interconnection matrix J , or maybe if including an additional dynamical equation
would simplify the final equations.
However, either finding a different set of energy variables for the two-dimensional SWE that avoids
this nonlinearity on G or including an additional energy variable and a dynamical equation to recover a
more classical structure does not seem straightforward, and the authors have not succeed so far.
Remark 2.1 Let us give some hints on these two possible paths:
1. Since the vorticy ω appears explicitely on G , introducing the dynamics of the vorticity might be
the way to go. It is possible to rewrite the momentum equation in terms of vorticity as follows
(see, e.g., Arakawa & Lamb (1981)): ∂ω
∂t = −∇ · (ωv). Furthermore, as presented in Arakawa &
Lamb (1981), another conservation law exists for the two-dimensional SWE that is related with
the vorticity (called enstrophy). However, rewritting the Hamiltonian explicitely in terms of the
vorticity variables seems to be a difficult task, see, for instance, Polner & Van Der Vegt (2014)
and references therein.
2. Another possibility is given by the Example 7.10 in Olver (1993), where the incompressible
Euler equations are obtained using the Hamiltonian framework by rewriting the equations using
vorticity as energy variable (instead of the cartesian coordinates of the velocity vector). Although
the Hamiltonian is not explicitly written in terms the vorticity, he shows that the variational of
the Hamiltonian can be formally computed with respect to the vorticity anyway by introducing
the vector stream function ψ .
Although writing the SWE as (2.10) does not represent any actual advancement on the understanding
of the shallow water phenomena (since it is well known that this Coriolis term does not play a role on
the power balance), the authors believe that writing using this new (non-standard) form presents the
advantage that the skew-symmetry of the interconnection matrix is easily seen and that the proof of
(2.12) becomes straightforward.
3. Equations for the fluid in a moving tank
Here, the equations presented in the previous section are extended to take into account the motion of the
tank. The procedure presented here is simular to Cardoso-Ribeiro et al. (2017), where we developed the
port-Hamiltonian equations for moving tanks filled with one-dimensional fluid.
For pedagogical reasons, firstly only translation motions are taken into account in 3.1. Then, the
equations for rotations of the tank (in the plane of the free surface) are obtained in Section 3.2. Finally,
both translations and rotations are taken into account in Section 3.3.
3.1. Equations for a moving tank: translations only
Here the fluid is assumed to be inside of a tank moving with speed Ḋ = [Ḋx Ḋy]T , and with rigid mass
mT . The vector D(t) represents the position of the center of the tank with respect to a fixed coordinate
frame (xIyI). It is also the position of the origin of a local coordinate system (xy) that rotates with the
tank. The rigid body motion is assumed to be only in the same plane of surface of the fluid surface, as
depicted in Fig. 1.
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Fig. 1. Fluid in a moving tank under translations.
The Hamiltonian of the moving tank together with the fluid is given by
















ρh(v + Ḋ)dΩ + mTḊ , (3.2)
as well as a distributed momentum variable
α := ρ(v + Ḋ) . (3.3)
From (3.2), the tank speed can be written as






Rewriting the Hamiltonian as a function of these newly defined energy variables, we get
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The mass conservation equation does not change with the rigid body motion and is given by
∂h
∂t
= −div(hv) = −div(eα) . (3.7)
The momentum conservation equation is now given by
∂α
∂t
= −∇ (ρ ‖v‖
2
2
+ ρgh) − ρ(∇ × v) × v = −∇ (eh) + Geα , (3.8)
















An additional, finite-dimensional, equation for the total momentum p can be written as
ṗ = −eD + F = F , (3.9)
where F is the vector of external forces, eD := ∂H∂D = 0.
Finally, as computed before
Ḋ = ep . (3.10)











0 −div 0 0
−∇ G 0 0
0 0 0 −1
























ḣeh + α̇ · eα
)




(−eheα · n)ds + Ḋ · F .
(3.12)
In addition to the distributed boundary ports that were already defined in the previous section (u∂ :=−eα · n, the volumetric fluid inflow, and y∂ := eh, the pressure), the rigid body motion introduces the
force F and speed Ḋ as input/output ports of the system. We can thus define
u := F ,
y := Ḋ ,
(3.13)
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Fig. 2. Fluid in a moving tank under planar rotation only.




u∂ y∂ds + yT u . (3.14)
In particular, since we are modeling the fluid sloshing inside rigid tanks, the boundary conditions
are such that: u∂ = 0 (no flow). Thus, the power balance is given by the product between force and
speed:
Ḣ = yT u . (3.15)
The final system is a mixed finite-infinite-dimensional port-Hamiltonian system (m-pHs, see, e.g.,
Macchelli & Melchiorri, 2005; Pasumarthy & van der Schaft, 2004). Among the energy variables there
are those that are both time and spatial-dependent (h(x, y, t), α(x, y, t)) and those that are only time-
dependent (p(t), D(t)). The m-pHs is thus defined by the dynamical equations (3.11), together with the
Hamiltonian (3.5) and its variational derivatives, as well as the definition of boundary and force/speed
ports (3.13).
3.2. Equations for a moving tank: planar rotation only
Now, the tank is assumed to rotate with angular speed θ̇ around the center of the tank (x, y) = (0, 0) (the
rigid body angular velocity is perpendicular to the tank bottom, as depicted in Fig. 2). The angle θ(t) is
the angle between a fixed coordinate system (xIyI) and a local coordinate system (xy) that rotates with
the tank. The fluid speed with respect to the rotating frame (xy) is given by v = [u v 0]T . The inertial
speed, using the same local coordinates (xy) is given by





















The system Hamiltonian is given by
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(−yρ(u − yθ̇ ) + xρ(v + xθ̇ ))dΩ + IT θ̇ ,
(3.17)
and the distributed momentum variable α







ρ(u − yθ̇ )
ρ(v + xθ̇ )
]
. (3.18)
Remark 3.1 Note that the system Hamiltonian (3.16) is obtained using the inertial velocity vi written
in the local (moving) coordinate frame (xy). It would be possible to write the velocity in the fixed
coordinate frame (xIyI)
[
u cos θ − v sin θ − θ̇ (x sin θ + y cos θ)






cos θ − sin θ












I is the inertial velocity written in the fixed coordinates (xIyI) and [vi]
B is the inertial velocity
written in the local coordinates (xy). Since the rotation matrix T(θ) is orthogonal, the modulus of
both vectors is the same, consequently this change of coordinates would not change the value of the
Hamiltonian.
The distributed momentum α (3.18) is also written in local coordinates. A different approach could
be thought of by using fixed coordinates for all the energy variables. However, this choice would lead
to another issue: in that case, since the tank is rotating, the boundary of the domain would change with
θ . For this reason, we prefer to use local coordinates to describe the fluid inside the tank.










+IT θ̇ , (3.20)
where the term pf [h,α] is the momentum due to the fluid.
The rotation speed θ̇ is then computed:
θ̇ (t) = pθ (t) − pf [h,α]
IT
, (3.21)
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and the Hamiltonian is written as a function of these newly defined variables:










(pθ (t) − pf [h,α])2 . (3.22)
The co-energy variables are thus given by












‖α‖2 + ρgh − (pθ − pf )
IT






































In terms of the physical and geometrical variables, these four co-energy variables become
eh(x, y, t) =
1
2
ρ ‖v‖2 + ρgh − 1
2
ρ θ̇2(x2 + y2) , (3.27)
eαx(x, y, t) = hu , (3.28)
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eαy(x, y, t) = hv , (3.29)
epθ (t) = θ̇ . (3.30)
As in the other cases, the mass conservation equation is given by
ḣ = div(hv) = div(eα) . (3.31)
The fluid momentum conservation equation is given by
α̇ = ∇ (eh) + Geα , (3.32)
















The dynamics of the total momentum is given by
ṗθ = M , (3.34)
where M is the external moment applied to the tank.











0 −div 0 0
−∇ G 0 0
0 0 0 −1
























ḣeh + α̇ · eα
)




(−eheα · n)dΓ + θ̇M .
(3.36)
Again, together with the boundary ports (u∂ := −eα · n and y∂ := eh), the moment M and the rotation
speed θ̇ are the port variables of this pHs:
u := M ,
y := θ̇ ,
(3.37)
14 F. L. CARDOSO-RIBEIRO ET AL.




u∂ y∂ds + y u . (3.38)
Again, as the fluid sloshing occurs inside rigid tanks, the boundary conditions are such that: u∂ = 0
(no flow through the walls). Thus, the power balance is given by the product between external moment
and angular speed:
Ḣ = yu . (3.39)
3.3. Equations for a moving tank: both translations and planar rotation
Finally, let us treat the case of the moving tank with both translations, given by a translational velocity
Ḋ, and one rotation, given by an angular speed θ̇ . The tank has a mass mT and a rotation inertia IT .
The system Hamiltonian (total energy) is given by




















where v is written in local (moving) coordinates, Ḋ is written in fixed coordinates, T(θ) is a
transformation matrix from the fixed to local coordinates, given by
T(θ) =
[
cos θ sin θ
− sin θ cos θ
]
. (3.41)





































dΩ + mTḊ .
(3.43)
The distributed momentum variable is given by
α(x, y, t) := ρ
(
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Using the newly defined variables, the Hamiltonian reads as












(pḊ(t) − pf [h,α])2 +
1
2IT
(pθ̇ (t) − pf θ [h,α])2 ,
(3.46)
and the co-energy variables are given by



















+ ρgh − pḊ − pf
mT














− T(θ)pḊ − pf
mT
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Using the original variables of (3.40), we can check that
eh(x, y, t) =
1
2








eα(x, y, t) = hv ,
ep(t) = Ḋ ,
epθ (t) = θ̇ .
(3.51)













0 −div 0 0 0 0
−∇ G 0 0 0 0
0 0 0 −1 0 0
0 0 1 0 0 0
0 0 0 0 0 −1












































ḣeh + α̇ · eα
)




(−eheα · n)dΓ + Ḋ · F + θ̇M .
(3.54)
Together with the boundary ports (u∂ := −eα ·n and y∂ := eh), the moment M, the rotation speed θ̇ , the


















u∂ y∂ds + yTu . (3.56)
Furthermore, in the case of the tank, with the condition of no flow through the walls (u∂ = 0), we get:
Ḣ = yTu . (3.57)
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Again, the final system is a mixed finite-infinite-dimensional port-Hamiltonian system. In addition
to the variables h(x, y, t), α(x, y, t), that are both time and spatial-dependent, four variables are only
time-dependent (p(t), D(t), pθ (t), θ(t)). The m-pHs is thus defined from the dynamical equations (3.52),
together with the Hamiltonian (3.46) and its variational derivatives, as well as the definition of boundary
and force/speed ports (3.55).
4. Conclusion and Open questions
This paper deals with modeling based on port-Hamiltonian systems. The main advantage of this
methodology is that it provides a modular (‘object-oriented’) approach. Once the equations are derived
under this framework, they can be easily coupled with arbitrary systems, thanks to the use of the
interconnection ports.
Firstly, in this paper, a new port-Hamiltonian model for the two-dimensional SWEs in moving
containers is proposed. In this model, a nonlinear term appeared in the interconnection matrix that
is related with the Coriolis forces due to the rotation of the fluid. This term is dependent on the spatial
derivatives of the energy variables and thus, leads to a non-canonical port-Hamiltonian system.
Secondly, the power of pHs modeling is harnessed for studying a system with fluid that can be
coupled with more arbitrary systems: a new model for a fluid in a rigid tank submitted to two translations
and one rotation is proposed. Thanks to the interconnection ports, this system can be easily connected
to other mechanical systems (for instance, a flexible structure).
To go further, to simulate the equations presented here, a two-dimensional spatial discretization
method that preserves the port-Hamiltonian structure of the system at the discrete level is required.
Such methods are well known and have proven to work for one-dimensional systems (see, e.g.,
Cardoso-Ribeiro, 2016; Golo et al., 2004; Moulla et al., 2012). For two-dimensional and three-
dimensional systems, only a few papers present numerical results and not yet for nonlinear equations
(Trenchant et al., 2017; Wu et al., 2015). We have been working on a general power-preserving finite-
element method (Cardoso-Ribeiro et al., 2019). Further work concerns the application of this method to
the equations obtained here: one of the main difficulties will be to include the nonlinear term from the
interconnection matrix, which will probably need to be computed at every time step.
Once the equations obtained in this paper are discretized, the numerical model can be used in a
modular way to couple the fluid dynamics with more complex systems. For instance, the rigid body
input/output ports can be coupled with a moving vessel to represent the motion of the tank. Furthermore,
the distributed ports can be coupled with a flexible tank model.
Another extension of this work would be to describe the full three-dimensional motion of the tank,
which would lead to six rigid body degrees of freedom.
Funding
ANR-16-CE92-0028 (entitled Interconnected Infinite-Dimensional Systems for Heterogeneous Media,
financed by the French National Research Agency and the Deutsche Forschungsgemeinschaft). Further
information is available at: https://websites.isae-supaero.fr/infidhem/the-project.
References
Alemi Ardakani, H. (2016) A symplectic integrator for dynamic coupling between nonlinear vessel motion with
variable cross-section and bottom topography and interior shallow-water sloshing. J. Fluid. Struct., 65, 30–43.
18 F. L. CARDOSO-RIBEIRO ET AL.
Alemi Ardakani, H. & Bridges, T. J. (2010) Dynamic coupling between shallow-water sloshing and horizontal
vehicle motion. Eur. J. Appl. Math., 21, 479–517.
Alemi Ardakani, H. & Bridges, T. J. (2011) Shallow-water sloshing in vessels undergoing prescribed rigid-body
motion in three dimensions. J. Fluid. Mech., 667, 474–519.
Alemi Ardakani, H. & Bridges, T. J. (2012) Shallow-water sloshing in vessels undergoing prescribed rigid-body
motion in two dimensions. Eur. J. Mech., B/Fluids, 31, 30–43.
Arakawa, A. & Lamb, V. R. (1981) A potential enstrophy and energy conserving scheme for the shallow water
equations. Mon. Wea. Rev., 109, 18–36.
Baaiu, A., Couenne, F., Eberard, D., Jallut, C., Lefevre, L., Legorrec, Y. & Maschke, B. (2009) Port-based
modelling of mass transport phenomena. Math. Comput. Model. Dyn. Syst., 15, 233–254.
Brugnoli, A., Alazard, D., Pommier-Budinger, V. & Matignon, D. (2019) Port-Hamiltonian formulation and
symplectic discretization of plate models. Part I: Mindlin model for thick plates. Appl. Math. Model., 75,
940–960.
Cardoso-Ribeiro, F. L. (2016) Port-Hamiltonian modeling and control of a fluid-structure system—Application
to sloshing phenomena in a moving container coupled to a flexible structure. Ph.D. Thesis, University of
Toulouse.
Cardoso-Ribeiro, F. L., Matignon, D. & Lefèvre, L. (2019) A Partitioned Finite Element Method for power-
preserving discretization of open systems of conservation laws. arXiv preprint arXiv:1906.05965.
Cardoso-Ribeiro, F. L., Matignon, D. & Pommier-Budinger, V. (2015) Modeling of a fluid-structure coupled
system using port-Hamiltonian formulation. IFAC-PapersOnLine, 28, 217–222.
Cardoso-Ribeiro, F. L., Matignon, D. & Pommier-Budinger, V. (2017) A port-Hamiltonian model of liquid
sloshing in moving containers and application to a fluid-structure system. J. Fluid. Struct., 69, 402–427.
Dellar, P. J. & Salmon, R. (2005) Shallow water equations with a complete Coriolis force and topography. Phys.
Fluids, 17, 106601.
Duindam, V., Macchelli, A., Stramigioli, S. & Bruyninckx, H. (2009) Modeling and Control of Complex
Physical Systems: The Port-Hamiltonian Approach. Berlin, Heidelberg: Springer.
Golo, G., Talasila, V., van der Schaft, A. J. & Maschke, B. (2004) Hamiltonian discretization of boundary
control systems. Automatica, 40, 757–771.
Hamroun, B. (2009) Approche hamiltonienne à ports pour la modélisation, la réduction et la commande des
systèmes non linéaires à paramètres distribués: application aux écoulements. Ph.D. Thesis, Grenoble INP,
France.
Hamroun, B., Dimofte, A., Lefèvre, L. & Mendes, E. (2010) Control by interconnection and energy-shaping
methods of Port Hamiltonian Models. Application to the shallow water equations. Eur. J. Control, 16, 545–563.
Hamroun, B., Lefevre, L. & Mendes, E. (2007) Port-based modelling and geometric reduction for open channel
irrigation systems. Proceedings of the 46th IEEE Conference on Decision and Control. New Orleans, LA,
USA: IEEE, pp. 1578–1583.
Jeltsema, D. & van der Schaft, A. J. (2010) Memristive port-Hamiltonian systems. Math. Comput. Model. Dyn.
Syst., 16, 75–93.
Kotyczka, P. & Blancato, A. (2015) Feedforward control of a channel flow based on a discretized port-
Hamiltonian model. IFAC-PapersOnLine, 48, 194–199.
Kotyczka, P. & Maschke, B. (2017) Discrete port-Hamiltonian formulation and numerical approximation for
systems of two conservation laws. at - Automatisierungstechnik, 65, pp. 308–322.
Leimkuhler, B. & Reich, S. (2005) Simulating Hamiltonian Dynamics. Cambridge: Cambridge University Press.
Macchelli, A. & Melchiorri, C. (2005) Control by interconnection of mixed port Hamiltonian systems. IEEE
Trans. Automatic Control, 50, 1839–1844.
Maschke, B. & van der Schaft, A. (2013) On alternative Poisson brackets for fluid dynamical systems and their
extension to Stokes-Dirac structures. IFAC-PapersOnLine, 46, 109–114.
Moulla, R., Lefevre, L. & Maschke, B. (2012) Pseudo-spectral methods for the spatial symplectic reduction of
open systems of conservation laws. J. Comput. Phys., 231, 1272–1292.
Olver, P. J. (1993) Applications of Lie groups to differential equations. New York: Springer.
PORT-HAMILTONIAN MODEL OF TWO-DIMENSIONAL SWES IN MOVING CONTAINERS 19
Pasumarthy, R., Ambati, V. R. & van der Schaft, A. J. (2012) Port-Hamiltonian discretization for open channel
flows. Syst. Control Lett., 61, 950–958.
Pasumarthy, R. & van der Schaft, A. (2004) On interconnections of infinite-dimensional Port-Hamiltonian
Systems. Proceedings of the 16th International Symposium on Mathematical Theory of Networks and Systems,
pp. 1–12 Leuven, Belgium.
Pasumarthy, R. & van der Schaft, A. (2006) A port-Hamiltonian approach to modeling and interconnections
of canal systems. Proceedings of the 17th International Symposium on Mathematical Theory of Networks and
Systems, number 2, Kyoto, Japan, pp. 1436–1443.
Petit, N. & Rouchon, P. (2002) Dynamics and solutions to some control problems for water-tank systems. IEEE
Trans. Automatic Control, 47, 594–609.
Polner, M. & Van Der Vegt, J. J. (2014) A Hamiltonian vorticity-dilatation formulation of the compressible
Euler equations. Nonlinear Anal. Theory Methods Appl., 109, 113–135.
Trenchant, V., Fares, Y., Ramirez, H., Gorrec, Y. L. & Ouisse, M. (2015) A port-Hamiltonian formulation
of a 2D boundary controlled acoustic system) IFAC-PapersOnLine, vol. 28. Lyon, France: Elsevier B.V., pp.
235–240.
Trenchant, V., Ramirez, H., Gorrec, Y. L. & Kotyczka, P. (2017) Structure preserving spatial discretization
of 2D hyperbolic systems using staggered grids finite difference. Proceedings of the 2017 American Control
Conference, Seattle, USA.
Trivedi, M. V., Banavar, R. N. & Kotyczka, P. (2016) Hamiltonian modelling and buckling analysis of a
nonlinear flexible beam with actuation at the bottom. Math. Comput. Model. Dyn. Syst., 22, 475–492.
van der Schaft, A. J. & Jeltsema, D. (2014) Port-Hamiltonian Systems Theory: an introductory overview. Found.
Trends Syst. Control, 1, 173–378.
van der Schaft, A. J. & Maschke, B. M. (2002) Hamiltonian formulation of distributed-parameter systems with
boundary energy flow. J. Geom. Phys., 42, 166–194.
Vu, N., Lefèvre, L. & Nouailletas, R. (2016a) Distributed and backstepping boundary controls for port-
Hamiltonian systems with symmetries. Math. Comput. Model. Dyn. Syst., 00, 1–22.
Vu, N. M. T., Lefèvre, L. & Maschke, B. (2016b) A structured control model for the thermo-magneto-
hydrodynamics of plasmas in tokamaks. Math. Comput. Model. Dyn. Syst., 3954, 1–26.
Wu, Y., Hamroun, B., Le Gorrec, Y. & Maschke, B. (2015) Power preserving model reduction of 2D vibro-
acoustic system: a port Hamiltonian approach. IFAC-PapersOnLine, 48, 206–211.
Zhou, W., Hamroun, B., Couenne, F. & Le Gorrec, Y. (2017) Distributed port-Hamiltonian modelling for
irreversible processes. Math. Comput. Model. Dyn. Syst., 23, 3–22.
Zwart, H. & Kurula, M. (2014) The linear wave equation on N-dimensional spatial domains. Proceedings of
the 21st International Symposium on Mathematical Theory of Networks and Systems, vol. 2, Groningen, The
Netherlands, pp. 1157–1160.
